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TWISTED K-THEORETIC GROMOV-WITTEN INVARIANTS 


VALENTIN TONITA 


Abstract. We introduce twisted K-theoretic Gromov-Witten (GW) invariants in the frameworks 
of both ’’ordinary” and permutation-equivariant K-theoretic GW theory dehned recently by Givental. 
We focus on the case when the twisting is given by the Euler class of an index bundle which allows one 
(under a convexity assumption on the bundle) to relate K-theoretic GW invariants of hypersurfaces 
with those of the ambient space. Using the methods developed in ifTOl we characterize the range of 
the J-function of the twisted theory in terms of the untwisted theory. As applications we use the Vg 
module structure in the permutation-equivariant case to generalize results of i); we prove a general 
’’quantum Lefschetz” type theorem for complete intersections given by zero sections of convex vector 
bundles and we relate points on the cones of the total space with those of the base of a toric hbration. 


1. Introduction 

K-theoretic Gromov-Witten invariants have been introduced by A. Givental and Y.-P. Lee(ll9l, 
[fT3ll ). They are holomorphic Euler characteristics of vector bundles on the moduli spaces of stable 
maps to X. 

One of the initial motivations was to provide a new way to count rational curves on the famous 
Calabi-Yau quintic threefold. In this case the moduli spaces of stable maps are zero dimensional 
and the Euler characteristics of their structure sheaves would give the number of curves. Eor this 
purpose a formalism of twisted K-theoretic Gromov-Witten theory analogous to the cohomological 
one needs to be developed. Roughly speaking the twisted invariants are defined by including in 
the correlators Euler classes of index bundles. Then one would like to express them in terms of 
the original (’’untwisted”) invariants. If one starts with a convex line bundle the genus zero twisted 
invariants are actually GW invariants of the hypersurface given as the zero locus of a section of 
the bundle. Thus the relation between the twisted and untwisted theories translates into a relation 
between GW invariants of the hypersurface and those of the ambient space. 

Givental recently introduced in |[8l a new enriched version of the theory called permutation- 
equivariant K-theoretic Gromov-Witten theory, which takes into account the S'„ action on the mod¬ 
uli spaces permuting the marked points. The permutation-equivariant theory fits better within the 
framework of mirror symmetry. In particular certain g-hypergeometric series associated with toric 
manifolds lie on the cone of their permuation-equivariant K-theory. 

In this paper we introduce twisted K-theoretic Gromov-Witten invariants in genus zero for both 
versions of quantum K-theory. The generating functions of the invariants are called the J-functions. 
Their images are Eagrangian cones living in infinite dimensional loop spaces /C. We use Kawasaki 
Riemann Roch theorem to characterize the cone of the twisted theory in terms of the cone of the 
untwisted theory. 

Our results allow us to significantly generalize Givental’s K-theoretic ’’mirror formulas” for the 
permutation-equivariant theories: we prove a ’’quantum Eefschetz” type theorem for an arbitrary 
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smooth projective variety X, namely we show that certain hypergeometric modifications of points 
on the cone of X lie on the cone of a complete intersection given as the zero locus of sections of 
convex line bundles. Moreover we prove a similar statement for toric fibrations, describing points 
on the cone of the total space E in terms of points on the base. 

We include some short computations at the end. In particular we show how one can count the 
2875 lines on the Calabi-Yau quintic using our results. More generally one can use our results 
to compute GW invariants of all complete intersections in projective spaces. According to recon¬ 
struction theorems (see flU) one can recover all genus zero ’’ordinary” and permutation-equivariant 
K-theoretic GW invariants of a projective manifold (under the assumption that the ring K^(X) is 
generated by line bundles) from a point on their K-theoretic Lagrangian cone. Hence in principle 
we can determine the quantum K-theory for all projective manifolds for which our results can be 
used to find a point on their K-theoretic Lagrangian cones. 

The paper is organized as follows. In Section [2] we introduce the basic objects of K-theoretic Q 
GW theory in genus zero including the J-function and the Lagrangian cone C. We also recall the 
main result of [[TOl which characterizes the cone C in terms of the cone of the cohomological GW 
theory. Section contains a brief review of the formalism of cohomological twisted GW theory. In 
Section m we define twisted K-theoretic invariants and state the main result in the non-permutation 
equivariant case. This is Theorem 14.61 which describes the cone in terms of the cone of the 
untwisted one. The proof of Theorem 14. 6 1 is done in Section|5] following the ideas in lUOll . We write 
Laurent expansions of the J function near each root of unity and identify it with generating series 
coming from certain twisted cohomological theories to characterize their ranges. Section deals 
with the permutation-equivariant theory: the relation between the twisted and untwisted cones turns 
out ’’nicer” in this case. This is the content of Theorem 16.31 We combine it with the Vq module 
structure of ® to prove the applications mentioned above. We end with some computations of 
K-theoretic GW invariants of complete intersections in projective spaces. 

Acknowledgements. I would like to thank A. Givental for explaining to me the permutation- 
equivariant theory and for useful discussions. Parts of these discussions took place during a visit at 
IBS, Center for Geometry and Physics, Pohang. I would like to thank the institute for support and 
hospitality. I would also like to thank the anonymous referee for the useful comments. 

2. K-theoretic Gromov-Witten theory 

Let A be a complex projective manifold. We denote by Xo^n,d Kontsevich’s moduli stack of 
genus zero stable maps to X: they parametrize data (C, xi,..., Xn, f) such that 

• C is a connected projective complex curve of arithmetic genus zero with at most nodal 
singularities. 

• (xi,... Xn) G C is an ordered n-tuple of distinct smooth points on C (they are called marked 
points). 

• / : G —)■ X is a map of degree d G H 2 {X, Z). 

• The data {C, xi,..., Xn, f) has finite automorphism group, where an automorphism is de¬ 
fined to be an automorphism tp : C ^ C such that ip{xi) = for alH = 1, ..n and 

f = f- 

'when not specified it will always mean non permutation-equivariant 
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For each i = 1, ..,n there are evaluation maps evi : Xo^n,d —^ X defined by sending a point 
(C,Ti ,... ,Xn, f) 1-^ f{xi) and cotangent line bundles Lj —)■ whose fibers over a point 

{C,Xi,, Xn, f) are identified with T^.C. 

K-theoretic Gromov-Witten (GW) invariants have been defined by Givental and Lee (ll9l. l[T3l ) as 
sheaf holomorphic Euler characteristics on X^nd obtained using the maps eVi and the line bundles 
U 

X ®r=i e z. 


Here G Ko{Xo^n,d) (we will generally suppress X from the notation) is the virtual structure 
sheaf defined in |[T3]| . We will use correlator notation for the invariants: 

.... := X 05 ■ 


The generating series of these invariants is called the (K-theoretic) J-function. Let 

K+ :=A'»(A.C|[0]])®C|g,<r‘], 
X::=A'»(X,C[|<311) »€(?). 

The J-function is 


J:IC+^X, 

= l-q + t(q) + J2 ■■■MO 

d,n,a ' 




Here {$„}, {*h“} are bases of K^{X) dual with respect to the pairing 


(^>a,$6) = X(^, 


and Q'^ are monomials in the Novikov ring based on the cone of effective curves in Eff{X) C 
H2{X). 

The image £ C /C of the J function has been characterized in [[TOll in terms of the cohomological 
GW theory of X. We briefly recall the main result there, referring to IfTOll for details. 

To express holomorphic Euler characteristics of a vector bundle E on a compact complex orbifold 
E as a cohomological integral one uses Kawasaki Riemann Roch (KRR) theorem of [fTTlI (proven 
by Toen in lfT4]| for proper smooth Deligne-Mumford stacks). The integrals are supported on the 
inertia orbifold ly of y: 

(A.) 

We now explain this ingredients of this formula. ly is the inertia orbifold of y, given set-theoretically 
by pairs {y, [g)), where y ^ y and (g) is (the conjugacy class of) a symmetry which fixes y. We 
denote by y^ the connected components 0 of ly. 

For a vector bundle V, let be the dual bundle to E. The restriction of E to decomposes in 
characters of the g action. Let E*'^^ be the subbundle of the restriction of E to on which g acts 


We frequently refer to them as Kawasaki strata. 





4 


TONITA 


with eigenvalue e . Then the trace Tr(l/) is defined to be the orbibundle whose fiber over the 
point (p, {g)) of is 

Tr(l/) := Y, 

0<l<r-l 

Finally, A‘N^ is the K-theoretic Euler class of the normal bundle of 3^^ in y. Tt{A*N^) is 
invertible because the symmetry g acts with eigenvalues different from 1 on the normal bundle to 
the fixed point locus. 

Xo,n,d is not smooth but it has a perfect obstruction theory which can be used to define its virtual 
fundamental class (see (HI). For a stack (y, E‘) with a perfect obstruction theory that can be 
embedded in a smooth proper stack {XQ^n,d satisfies this assumption) one can choose an explicit 
resolution of E* as a complex of vector bundles E~^ —)■ E^. Let Eq —)■ Ei be the dual complex. 
Then the virtual tangent bundle of y can be defined as the class [Eq] © [Ei] G K^{y) (see flbl). 
Moreover the connected components of the inertia orbifold of y inherit perfect obstruction theories 
which can be used to define their virtual normal bundles. 

It was proved in ifTSl that one can apply KRR theorem to the moduli spaces Xo^n,d by replacing 
all the ingredients in the formula with their virtual counterparts. The symmetries on Xo,n,d which 
have non-trivial action on the cotangent line bundle Li create poles at all roots of unity in the J- 
function. For each primitive root of unity rj of order m denote by the Laurent expansion of the 
J-function in (1 — qr]) and regard it as an element in the loop space of such Laurent power series 
with coefficients in K^(X) 

Let us look at r; = 1: the contributions in KRR formula come from the identity component of the 
inertia orbifold of XQ^n,d- They were called fake K-theoretic GW invariants and are of the form: 




fake _ 

0,n,d * 




n.d ) 


where [-^o,n,d] is the virtual fundamental class of the moduli space, TQ^n,d is the virtual tangent 
bundle and the product is the cohomological cup product. 

Consider the generating series of the fake invariants, i.e. elements of /C^ of the form 
Jfakeiq, t(g)) :=l-q + t{q) + Y — i r ' ' ' ’ ) 

d,n,a \ 9 / 0,n+l,d 


Here the argument t(g) belongs to the space 


Kf := K^{X,C[[Q]])[[q-l]]. 


The range of Jfake spans a Lagrangian cone Cfake C /C^ which can be described explicitly in 
terms of the cohomological GW theory of X. We will make this precise in the next section. 

The main theorem of ifTOll describes for all r] the range of J7(,(t(g)) in terms of the cone Cjake- 

Theorem 2.1. [[T0l| The K-theoretic J function of X is completely characterized by the following 
conditions 
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( 1 ) 

( 2 ) 

(2) 


If r] is not a root of unity J7^(t(g)) does not have poles at q = rj 
2 Tl{'t{q)) G Cfake- 

Let Tj be a primitive root of unity of order k 1 and let 7fc(j7i(0)) be as in Definition 12.21 
below. Identify IC^ with Kf via qp i-A q. Then 

e expj; %(JMy 


Definition 2.2. Let f be a point on Cfake, let T(f) be the tangent space to Cfake at f, considered as 
the image of a map S{q, Q) : K,\ —> Kf. Recall the Adams operations are ring isomorphisms of 
K^{X) which act on line bundles as L i-A L^. Denote by the isomorphism of /C^ which is the 
inverse of -0^ on K^(X) and does not act on q, Q^. Then define 

Tkif) ;= Image of o S{q^, Q^) o ; /c^ ^ /C^ 


3. Twisted cohomological Gromov-Witten theory 


The proofs of Theorem 12.11 as well as of the main statements in the upcoming sections rely 
heavily on the machinery of twisted cohomological GW invariants. They were introduced in dH 
and generalized in various directions in [fTTll and ifT^ . We succinctly review it below, emphasizing 
the example of the fake GW invariants. We use the same correlator notation for cohomological GW 
invariants 

« n 

... ,9?n'0^")o,n,d := / 

'' Xo,n,d] j = l 

The different notation for the classes inside the correlators makes it easy to distinguish them from 
the K-theoretic GW-invariants. The product in the integrand is the cohomological cup product. 

Let TL be the loop space of the cohomological GW theory of X 

n:= tf*(VC[|< 3 ]])|s-‘,s]l. 

It comes equipped with a symplectic form and carries a distinguished polarization 3^+ © Ti- where 


H+ := //-(X.ClIOlDllz]], := C[|<3]])|s 

z 




The J-function of the cohomological GW theory is defined as 
Jh : 7^+ —)■ 77, 

JH{t{z)) = -Z + t{z) + . . . , 

d,n,a \ ^ ^ / 0,n+l,d 

It is identified with the graph of the differential of the genus zero potential 

viewed as a function of t(^) — z with respect to the polarization above. The image of Jh is a 
Lagrangian cone which we will denote Ch- 

Remark 3.1. The translation by — z is called the dilaton shift. We will often refer to t(. 2 ) as the 
input. 
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Twisted GW invariants are defined by eonsidering in the integrals eharaeteristie elasses of push- 
forwards along the universal family of three types of tautologieal elasses (they were ealled of type 
A, B, C in IfT^ ). Reeall that the universal family of the moduli spaees Xo^ri,d can be identified with 
the map vr ; XQ^n+i,d —^ ^o,n,d whieh forgets the last marked point. The eorrelators of a twisted 
theory are typieally eohomologieal integrals of the form 


n - F(l)]) YlCk{7lXOz) 

m=l i j k 

where Ai, Bj,Ck are a finite number of multiplieative eharaeteristie elasses. 

One ean similarly as above assoeiate a Lagrangian eone to a twisted theory. The formalism of 
twisted GW theory (in genus zero, for the purpose of this paper) deseribes the eorrelators of a 
twisted theory in terms of the eorrelators of the untwisted theory. More preeisely the three types of 
twistings and their effeet on the eorrelators are : 

• twistings by eharaeteristie elasses of index bundles . They eorrespond to ro¬ 

tation of the eone Ch by sympleetomorphisms of "H given by EndH*{X) valued Laurent 
series in z. These sympleetomorphisms are ealled loop group transformations. 

• kappa elasses twistings by eharaeteristie elasses of — F(l)], where F is a poly¬ 

nomial with values in K^{X). These eorrespond to a ehange of dilaton shift in the appliea- 
tion point of the J-funetion. 

• twistings by eharaeteristie elasses of where i : Z ^ Xo^n+i,d is the eodimension 

two loeus of nodes. These affeet the generating series by a ehange of the spaee of the 
polarization. 

Example 3.2. Let us eonsider the twisted theory whieh we ealled fake in the previous seetion. It is 
given by inserting in the eorrelators the elasses Td(To^„^d)- 

The virtual tangent bundle of XQ^n,d can be written as a K-theoretie elass (see |l3l, Seetion 2.5) 
To,n,d = 7r*(e<+iTx - 1) - T^*{Ln+l - 1) - {7r*i*Ozy- 
We identify /C^ and "H via the Chern eharaeter 

qch : /C^ —)■ "H, 

$ !-)■ ch(<I)), g i-A- e^. 

Theorem 3.3. (dUl, (Sll) The invariants of the fake theory are related to the eohomologieal GW 
invariants of X by the following ingredients: 

• the eone Cfake is given explieitly in terms of Ch by 

qch(/lj£iA;e) ^Ch^ 

where the loop group transformation A is determined only by the eharaeteristie elass Td 
and the first summand in the expression of To,n,(i- 

• the ehange of dilaton shift in the applieation point of the J-funetions of the theories from 
—z to qch(l — q) is determined by the elass Td and the seeond summand in TQ^n,d- 
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• the generating series of the fake invariants is eonsidered with respeet to a different negative 
spaee on 1-L determined by the nodal elass. More preeisely the negative spaee K}_ of the 
polarization is spanned by elements of the form }i>o- One way to see this is by 

formally expanding 

^ -V (T _ ly 

l-qL ^ 

The spaee 1-L^ on the other hand is spanned by elements It is easy to see that the 

map qch does not identify them. 


We refer the reader to |[T^ for explieit eomputations of this example as well as a treatment in full 
generality of the formalism of twisted GW theory. 


It will sometimes be eonvenient for us to write loop group operators as Euler-Maelaurin asymp- 
toties of infinite produets. 


Definition 3.4. Given a funetion x i-A f{x), the Euler-Maelaurin asymptoties of the produet 
n^i is obtained by writing 


OO 

^f{x-rz) 

r=l 


OO 

lo fit)dt _ ^ 

z 2 


Zdnr. 


oZdx _ ^ 


[zd^) f{x) 




fc>i 


The operator A in Example 13. 3 1 is the Euler-Maelaurin asymptoties of 


A~nn 


Xi 


i r=l 


\ _ Q-Xi+rz ’ 


where Xi are the Chem roots of the tangent bundle to X. 


4. Twisted K-theoretic Gromov-Witten invariants 

We define twisted K-theoretie GW invariants by inserting in the eorrelators invertible multipliea- 
tive elasses of index bundles En,d ■= 7r*(eu*_,_iA), where E G K'^{X). 

The value of a general K - theoretie invertible multiplieative elass on a bundle V is 
(4.1) expi'^si^^V). 

i 

We will mainly work with I < 0 summation range. We treat si as formal parameters and expand the 
ground-ring of the theory by tensoring it with C[[si, S 2 ,...]]. 

Henee the twisted invariants are defined by inserting in the eorrelators multiplieative elasses of 

En,d 
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The twisted K-theoretie potential is defined as: 


J= 


tw 




The J-function of the twisted theory is 
: /C+ ^ /C, 

J*’^(t(g)) = l-g + t(g) + 

n\ 

d,n,a 




1 — qL 




tw 

0,n-\-l,d 


Remark 4.1. The bases {<Ta}, {$“} involved in the definition of are dual with respeet to the 
twisted pairing given by 

We will have to eonsider various twisted theories. As a general rule the pairing of a twisted theory 
is given by correlators on Xo, 3 ,o — X 

($„, t,) = {$„, 1>‘”3,„, 

where the meaning of depends on the theory. To relate J-functions of different theories we 
need to regard them as elements of the same loop space. This involves rescaling the elements in 
loop spaces. 


Let us define the cone C /C^ the Lagrangian cone of the theory whose correlators are 




fake^tw 

0,n,d 



TT ch(t(Li)) Td(To,n,d) exp(^ ch.En,d), 

a] i=i 


where To^n,d is the virtual tangent bundle and the product is the cohomological cup product. Notice 
that the cone Cfake is the twisted fake cone at = 0. The J-function of the theory is 


JTakeim) ■■= 1 


q + Kq) + 

n\ 

d,n,a 


$ 


1 — qL 




,t(i) 


/ 0,nH-l,cZ 


For now we restrict ourselves and make the following 


Assumption 4.2. The twisting class is the K-theoretic Euler class eK{En,d)- It is determined by its 
values on line bundles cxiL) = 1 — To achieve this we sum after / < 0 in the multiplicative 
class (14.11) and set si = —s_i//. We allow the twisting class to depend formally on one parameter 
s_i . At s_i = —1 (14.11) becomes the Euler class. 


Remark 4.3. In general En^d can be written as the difference of two genuine bundles An^d © -Bn.d 
on XQ^n,d (see [I5]|). We extend the definition of ex to such objects by working torus-equivariantly - 
where the action rotates the fibers of E. Then ex{En,d) = ex(^n,(i)e^^ {B^,d)- 

Remark 4.4. The case of the Euler class is the main motivation for considering twisted GW invari¬ 
ants: it can be used to relate GW of the ambient space X with GW invariants of a subvariety given 
by the zero locus of a section of E. 
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The image of is a Lagrangian cone Our main result describes in terms of the cone 

ptw 
^ fake' 

Convention 4.5. As the operators in the theorems are given as sums after / > 1 we adopt the 
convention si = S-i for all I, rather than writing S-i in all formulae. 


Theorem 4.6. Let be the expansion in {1 — qr]) of the twisted J-function. Then 

(1) Iff] is not a root of unity then is a power series in {1 — qrj). 

(2) lies on the cone 

^fake ~ ( y ^ _ ql )^fo-ke- 


1>1 


(3) Assume p I and that Assumption \d~2\ holds. Let be as in Definition 12.21 but 

^tw r- rtw 

■'fake' 


starting with a point G Then 


eexp^ 


i>l 


i{l — i{l — 




where Rk, Rv are defined by 


Rk := exp ^ 


. Z>1 


Rr, := exp 


^Ik' 


Si 


J>1 


1 — q^^ 

1 — qL^p- 


Remark 4.7. As the first part of the theorem can be used to describe the tangent space at 0 to CYake 
in terms of the cone Cfake. Theorem 14.61 gives a complete characterization of the twisted cone in 
terms of the untwisted one. 

Remark 4.8. The operators exp ~ ^*>i »fi-P) ) ^v^k^ ^o not have poles 

at q = 1. For example Rr, has poles — at g = 1 for / = I'k, they cancel the poles of 
Rk. Otherwise the last conditions of both Theorems 12.11 and 14.61 could not be true because modulo 
Novikov variables Jr, is a power series. 


5. The proof of Theorem 14.61 


We follow the proof of ifTOll . 

The first condition in the theorem is obvious. For the second statement, let t(g) = contributions 
in the J-function of poles 1. Then we claim that 


Proposition 5.1. 

Jl'-Ml)) = Jflem + t(«)) 

= l-g + t(,)+t(g) + 

n\ 

d,n,a 


1 -gL’ 


fake,tw 


t(L)+t(L),...,t(L)+t(L) 


0,n+l,d 
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Proof. This is completely analogous to the untwisted ease: the eontributions in the J-funetion with 
poles at g = 1 eorrespond to Kawasaki strata where the symmetries aet trivially on the irredueible 
eomponent - eall it - earrying the distinguished marked point Xi. Sueh irredueible eomponents 
ean earry other speeial points - marked points or nodes. Let p be sueh a node and eall C_ the 
irredueible eomponent whieh interseets C+ at p. The Euler elass of the normal direetion of the 
Kawasaki stratum whieh smoothens the node p is (1 — L_|_L_), where L+, L_ are eotangent line 
bundles at p to the respeetive branehes. The eontribution in KRR eoming from this normal direetion 
is 


1 

l-ch(L+)ch(Tr(L_))‘ 

Notiee that the symmetry ean not aet with eigenvalue 1 on otherwise we eould smoothen the 
node while staying in the same Kawasaki stratum (equivalently the elass in the denominator would 
be nilpotent). 

Moreover the twisting elass faetorizes ’’nieely” over nodal strata, i.e. if i is the inelusion of a 
divisor Xo,ni+i,di Xx Xo,n 2 +i,d 2 parametrizing nodal eurves in and pi,p 2 the projeetions on 

the two faetors the following holds (see [|5l): 

i*{f^Tr^{ev*E)) = pl{^jJ^^^^{ev*E)) + p2{'f^7r^{ev*E)) - i;'-ev*^^^^E. 


The third summand is absorbed by the pairing at the node (see Remark |4TI) . the other two ensure 
that the twisting elass distributes on the faetors as twisting elasses of the same form. 

This shows that the insertion in the eorrelators eorresponding to the node p eomes from t(L+). 
In faet when we sum after all possibilities of degrees and number of marked points of eurves C_ 
the insertion beeomes t(L+). For a marked point on (7+ the insertion is t(L) henee the generating 
series i7/"'(t(g)) is of the form 




l-q + t{q) + i{q)+ ^ 

n\m\ 

d,n,m,a 


$ 
^ n 


l-qV 


t(L),...,t(L) 


fake^tw 

0,rx+m+l,d 


where there are n insertions of t(L) and m insertions of t(L) in the eorrelators. Keeping in mind 
that there are ways of ehoosing the n marked points among the n + m speeial points we ean 

rewrite (t (g)) as 


jr(t(g)) = j;:,,(t(g)+t(g)), 

and henee JT’/"' lies on the fake twisted eone CYake- 

The eorrelators obtained from by inserting one more multiplieative ehar- 

aeteristie elass 


ch 


exp(^ siip^En,d) 


This means E^ake is obtained from Cfake by applying a loop group transformation, whieh we eom- 
pute explieitly below. 
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Let us extend the ip’' operations on cohomology using the Chern character. It reads 'ip’-ip = P^p for 
(p G Hence 


(5.1) 


ch 


expC^Sip^En,a 



According to [|5l the cone of a theory twisted by a general multiplicative characteristic class of the 
form 


exp(^ Wj chj En,d) 

is obtained from the cone of the untwisted theory by applying the operator 

2m—1 


EB2m , r-i 2 
rr cll^ E * Z 


( 2 m)! 


Here the Bernoulli numbers i? 2 m are defined by 

t 


o — t 


1 + - + V EEXprn 
9 + 2 ^ ( 2 m)! ■ 


m>l 


We apply this to our twisting class fIS.ip and we extract the coefficient of si in the corresponding 
loop group transformation: 


mj>0 


.• B2m 


V ch^ E 


( 2 m)! ^ 

B. 


chj E ■ 
2 ™ 


( 2 m)! 


{izY 


p^E p^E _ p-^E^ p^E 
- 1 _ e-iz Y' ~ 1 - g-' 

The second summand is killed when we identify loop spaces (see Remark |4~TI) . The first summand 
agrees with the operator in part (2) of the Theorem 14.61 


We now proceed to prove part (3) of Theorem l4.61 let be a primitive root of unity of order fc 7 ^ 1. 
The Kawasaki strata in XQ^n,d which give contributions with poles at g = 77 “^ in the J-function were 
called stem spaces in IfTOll . They parametrize maps whose restriction to the component C+ carrying 
the first marked point factor through degree k covers z z^. These maps can be identified with 
stable maps to the orbifold X x (of degree k times less). The only points fixed by automor¬ 
phisms of such maps are 0, cxo G C+. However we can encounter /c-tuples of nodes permuted by the 
symmetry. Let (Ci,.., Ck) be the curves adjacent to these nodes: then the restriction of the stable 
map to Ci have to be isomorphic and moreover Ci are not allowed to carry marked points, as they 
have to be fixed by the symmetry. 


Hence the contributions in the J-function J with poles at g = are cohomological integrals on 
the moduli spaces of maps to X x BZk involving certain multiplicative characteristic classes coming 
from the tangent and normal directions to the Kawasaki strata and from the index twisting (14.11) . It 
turns out these tangent and normal directions can be expressed in terms of the universal families over 
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the moduli spaces {X x B'Zk)Q,n,d, which we denote by p. Let C^i be the line bundle on X x BIjk 
which is topologically trivial and on which g acts as multiplication by r;*, for z = 0, l.../c — 1. 

We define the twisted stem theory to be the cohomological GW theory of the target orbifold 
X X twisted by all the classes which contribute in the KRR formula applied to We now 
list the classes: 


(5.2) 


(5.3) 


the summand 7r*(ew*_,_]^Tx) of To,n,d contributes the class 

fc-i 

Td{p^{ev*Tx))\\'^d^i{p*{ev*{Tx ® C^0))> 

i=\ 


where 


the summand Td(p*(l 


TdA(L) = - 
Ll^,)) of To,„,, 


1 

— Xe~’^dL) 

contributes the class 


fc-i 

Td(p*(l - V^)) JJ Td^.(p*((l - L'^) ® ev*Cr^i)). 

i=l 


• the nodal contributions in KRR formula differ depending on the type of node. Denote by 
Zg the nodes which can be smoothed within the same Kawasaki stratum and by Zq the 
non-stacky nodes (these are disjoint from Zg). Then the nodal twisting is given by 

k-l 

(5.4) Td(-(pAOzJ^)Td(-(pAC>zJ^) J]Td,i(-(pAOzo 

i=l 

• the class (14.11) contributes 


(5.5) 


cho Tr 


exp ( si'ip''7T^ev*E 


The first three types of twisting classes are present in ifTOll ('Section 8), where it is explained why 
they account for the tangent and normal directions to Kawasaki strata. We will express the class 
(15.51) as a pushforward along p in Proposition 15.41 

We denote the correlators of the twisted stem theory by j function of the theory 

is 

iOd / \ stem^tw 

jr.M«<(t(^)) = r • • • ’ ) 

d,n,a \ ^ E / o,n+l,d 


Hence the polar part of Jg^{q) comes from correlators of the twisted stem theory. Let us denote 
by t*’"(g) the contributions in the twisted J-function not having poles at . Then we claim that 


Proposition 5.2. 


p^dk 


n^d^a 




1 — qpL^/^ 




stem^tw 

0,n-\-2,d 


where the evaluation maps at the marked points land in components of IBZ^ labeled by the se¬ 
quence {g, 1,.., 1, g~^) and T(L) = ^jJ^T{L), with T{q) = f7’/”'(0). 
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In the above -0^ acts on cotangent line bundles L i-A L^, elements of K^{X) and on Novikov 
variables i-A 


Proof. As already mentioned the twisting class factorizes ’’correctly” over strata of symmetries, 
hence the proposition is completely analogous to the same statement in [fTOl (Section 7, Proposition 
2). We give a concise outline below. 

Recall that stem spaces parametrize maps C+ C ^ X, where the first map h z ^ z^. The 
first and last seats in the correlators are 0, oo G C+ which are fixed by the symmetry. The insertion 

occurs because Tr(Li) = rjLi and the cotangent lines on the cover and 
quotient curve differ by a power of k. Summing after all possibilities for cxo (it can be a node, a 
marked point or a non-special point of C+) gives the insertion for the last seat in the 

correlators. 

Let us explain the statement about the input T(L), to which we will refer as the leg: these are 
nodes on the quotient curve whose preimages on the cover are /c-tuples of nodes connecting C+ 
with curves (Ci,..., Ck) which do not carry marked points . The maps Q X, i = 1, ..k are 
isomorphic. Summing after all possibilities of degrees of maps Ci ^ X we get contributions 
77/"’(0) for each such node. Notice that on the cover curve there are k copies of cotangent line 
bundles at the k nodes to Ci, whereas on the quotient curve only one such cotangent line. Hence 
one needs to compute the trace of on the tensor product of the k cotangent line bundles, where 
the generator g E permutes the factors. The statement T(L) = follows from the fact 

that for such an action of on the fc-th power of a vector space V we have TT(g\V^'‘) = (see 
m ,Lemma in Section 7). □ 


Hence is obtained from a tangent vector to the cone of the twisted stem theory of 

X X BZk'. 

Qd / (Ra \ stem,tw 

(5.6) 5“(5t,T) := «(,■'*) + ^ ^ T(i),) 

n,d,a n. q / o,n+l,d 

after changing i-A (but not in (it). 

The Lagrangian cone of the cohomological GW theory of X x BZk is the product of k copies of 
Lagrangian cone of the GW theory of X. We will refer to each copy as a sector. They are labeled by 
elements of BZk or equivalently connected components of I BZk. The tangent cone is accordingly 
a direct sum of k copies of tangent spaces. Our tangent vector (577^^’*"’((it, T) has application point 
in the sector labeled by 1 of the cone but is tangent in the direction labeled by g~^. 

To locate <577^*’*"'((it, T) we process the classes involved in the twisted stem theory according to 
the formalism of twisted cohomological GW theory of X x BZk. 


The class (15.21) rotates the sectors labeled by 1 , ^ by operators Ok, If Xi are Chem 

roots of Tx then they are defined as asymptotics of the infinite products 






Xi — rz 


nn 2 _ ^—kxi+rkz ’ 

i r=l 

CX) 

nn 


Xi — rz 


r=l 


_ j^-r^-Xi+rz/k ' 


rs_/ 
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• The class (15.31) contributes to the change of dilaton shift which becomes 1 — q^. 

• the nodal class (15.41) contributes a change of polarization. In the sector labeled by the iden¬ 
tity the new polarization is given by expanding 

1 

1 — ’ 

whereas in the sector labeled by g~^ is given by 

1 

1 — 

• The index twisting class (15.51) rotates the cone according to Proposition ^. 41 below. 


Remark 5.3. The operator ^ almost equals the operator in conditions 3 of Theorems 12.114.61 
To see this (assume Xi = x) recall that q = and write 






- [ j + ^ ln(l - 

\r>l / r>l 

_ w /■ + V /■ Tf 

^ / 1 - ^ I- 


^—kx^rkz'^ 
j^^—kx^rkz 


^—kz^rkz 


dx 


Y1 / 


r>l \ i>l 


i>l 

E7 


^-ipiz/k 
-ix '/ ^ 


_ rq—i^iz/k 


dx 


j dx + ^ f ( ^ j 

/ r>l \ i>l / 

/ pikz 

- rjrdx 

/ ^ 1 _ ^ikz 


dx 






, 1 

In ^ 


i>l 


i(l — 7] _ qik'^ I _ 


The constant factor 




is absorbed by the change of pairing when identifying loop spaces as 


explained in Remark 144] We will ignore it from now on and slightly abusively write 

_i_ ^ 

We now express the class (15.51) in terms of the universal family p and compute its effect on the cone. 

Proposition 5.4. Twisting by the class (15.51) rotates the sector labeled by g~^ of the Lagrangian 
cone of X X BZk by 


. i>i 


(5.7) Rr, := exp ( ^ s/ — 

\i 

The sector labeled by the identity is rotated by 

(5.8) 


l TTiV 




1 — 


Rk := exp [ ^ sik 
A>1 


k^lkE'7 


1 — q’-^ 
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Proof. This is a computation based on Tseng’s theorem ifTTll . First we express the elass (15.51) in 
terms of the universal family p over the moduli spaees {X x B7jk)o^ri,d- Reeall that 


fc-i 


(5.9) 
Henee 

(5.10) 


TTg{7r^,{ev*E)) = ''p^{ev*E (g) 


i=0 


k-l 


TTg{'i/j’'7r^{ev*E)) = (g) C^i). 


i =0 


Using the faet that ch^ E = P chj{E) we get 


fc-i 


cho Tr ('0^7r(ev*U)) = *^(-0^ chp*(ef*i5' (g) C^i)) 


i=0 

k-l 


(5.11) 


p I P c\ij p^,{ev*E (g) Cgi)) 

j>0 


i=0 


Therefore the eontribution from (15.91) in the integrals equals: 


k-l 


(5.12) 


jjexp (yy sip "'(yy P chj p^{ev*E (g) C^i)) I . 

'.K-l j>0 


i=0 


This gives us a theory twisted by multiplieative eharaeteristie elasses of k index bundles. 

Let us reeall Tseng’s result on sueh twisted theories for the ease of the target orbifold X x 
Its inertia orbifold eonsists of k disjoint eopies {X,g^) for i = 0,1, ../c — 1. Consider a theory 
twisted by a eharaeteristie elass of the form 

exp j y~~^ Wj chj p^ {ev*E) 

\j>o 



The Lagrangian eone defined by this theory is obtained from the Lagrangian eone of the untwisted 
theory after multiplieation by 


(5.13) 



E 

\m>0 


{Am)j+l-mZ'^ ^ 


+ 


m\ 


ch. \ \ 

—)) 


The operator Am is defined by 
(5-14) [Am)\{X,g') 


y^B4^)ch(£'g), 


where E^p (respeetively is the veetor bundle over {X, g^) on whieh g"^ aets with eigenvalue 
e2”''/^(respeetively 1). {Am)j is the degree j pieee of the operator Am- The Bernoulli polynomials 
are defined by 


(5.15) 


yy 5m(T) 

m>0 


ml 




e* — 1 
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Let US compute the symplectic transformation corresponding to the twisting (15.121) restricted to 
{X, g~^). We denote A* the symplectic transformation corresponding to the contribution of 
in the product in (15.121) . Then: 


(5.16) 


Aj = exp 


(e 

w>0 \l<-l / \m>0 


chj_|_]^_^ E 1 


m\ 


Let us extract the coefficient of si in If equals: 


(5.17) 


^=0 \Tn>0 

k-l / 

= E-<-“E E 

^—0 \m>0 

k-l 


i ^ 


ml 


y;,-"y](rch,i5) 

\m>0 
zlel^ilk 


Iz ■ ml 

B^{i/k){l^z'^ 


2 = 0 5>0 

k-l 


Iz ■ ml 




2 = 0 5>0 

k-l 

= 'ifj’' ch(A) : 

i=0 

= V'' ch( A) 


-ii 


lz{e’-^ — 1) 

Izifk 


eiz _ 1 
^Iz _ I 


-0^ ch(A) 

_ X)(e^^ _ X) ^Iz/k^-l _ X 


Keeping in mind that / < 0 we rewrite the result as 

i^'ch(A) ij-^E^ 

^iz/k^-i _ X X — ^ 

The first term is the coefficient of si in the answer stated in the theorem. The second terms give the 
correction 

exp si'ijj'^E^ , 

which is absorbed by the change of pairing on /C as explained in Remark l4Tl 

For the sector corresponding to the identity the analogous computation with Bm{i/k) replaced 
by i?m(0) reveals the coefficient of s/ to be 0 if /c does not divide I and 

k^-^E^ 

1 — q~’- 

if k divides 1. □ 


Recall that Ch C "H is the cone of the (untwisted) cohomological GW theory of X. 
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Proposition 5.5. qch T) lies in the tangent space and the 

application point T is expressed in terms ofX^'^ by 

(5.18) qch(l - + T(g)) = [X*“']+. 

Here [..]+ means projeetion along the negative spaee of the polarization of the seetor labeled by 

1 . 

Proof. The series (15.61) can be identified with a tangent vector to the cone of the twisted stem theory 
of X/Zfc in the sector labeled by ^ The application point belongs to the sector labeled by 1, hence 
to the cone Since the 5 f“^-sector rotates by the series belongs to the tangent space 

in the proposition. However the twisting by kappa classes and nodal classes in the twisted stem 
theory change the dilaton shift and the polarizations. The denominator 1 — is equivalent to 

applying the polarization of the 5 f“^-sector to the same space. And the new dilaton shift is 1 — q^, 
hence the relation between application points. □ 

We are left with identifying the tangent space ^Oi^RkCn with the Tk in the Theorem. We first 
show that 

Proposition 5.6. Under the As sumption 14. 2 1 the cone qch“^(nfc • RkCn) = i’^^%ke- 

Proof It is shown in [[TOl (Section 8, Proposition 9) that qch“^(nfc£j 7 ) = ijj^^Cfake)- Since C^^ke = 
Ri ■ Rfake and Rk = ip^Ri under the Assumption 14.2[ the proposition follows. □ 

Proposition 5.7. Let Xfake be the point on C^^ke that 'ip^{Xfake{Xl)) = X*"'(T). Then 'ip^T = 

T. 


Proof Recall that X*"' is a point on the identity sector of the twisted stem theory: it lies on the cone 
, with the corresponding dilaton shift 1 — q^ and polarization whose negative space is 
spanned by { jy-n }^>o = Then 

_ _ Qd / <T)“ \ 

Im.(T) = (1 - ,) + T + ^ , T(L),.... T(L) ) 

n. \ I qij / o,n-i-i,d 

I“(T) = (1 - /) + T + T(D..... ^. 

Now using {Xfake) = X*"' it follows that T = ^^(T). The constraints of the leg contributions 
in KRR impose that T is (0). □ 


Moreover if we differentiate the relation {Xfake) = X*"' it follows that 

/ Qd ! ^ _ \ fake,tw'' 

f (") + E ( T377- T(i)..... T(i). f (L)) 

a. \ L ULj / Q n+2,d, 


(") + E fr* 


1 — qL 


,T(L),...,T(L),V^^f(L) 


st.tw 


1 - 


0,n+2,d 
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On the RHS we have a point in the tangent spaee Tit^O^RkCH (in the direetion of But 

on the LHS we have '0^[S'(g, Q)f(g)] whieh almost belongs to Tk defined in Definition 12.21 we also 
need to ehange Q‘^ ha- in S beeause the degrees in are multiplied by k. This eoneludes the 
proof of Theorem 14.61 


6. The permutation-equivariant theory 

There is a natural S'„ aetion on the moduli spaces given by renumbering the marked points. 
Givental has recently generalized the definition of K-theoretic GW invariants in this setting. He 
considers the S'„ modules 

[t(L),..., t(L)]„„ , := O* 0”., t(L.)) 

where the input t(g) is a Laurent polynomial in q with coefficients in iT(2f) G) A. Here A is 
an algebra which carries operations. Moreover for convergence purposes we assume A has a 
maximal ideal A+ and we endow it with the corresponding A+-adic topology. The natural choices 
for A satisfy these conditions - in general we want it to include the Novikov variables, the algebra 
of symmetric polynomials in a given number of variables and/or the torus equivariant iT-ring of the 
point. For suitable choices of A the permutation-quivariant invariants encode all the information 
about the S'„ modules above. We refer to (Si for details. 

The invariants : 


(t{L),...ML)))l:n4 

are defined as K-theoretic push forwards of the classes ®'i=i ^{Li) along the map XQ^n,d/Sn —^ 
[pt.]. 

One can define the J-function in the permutation-equivariant setting 

/ <J> \ 

JsJMl)) := 1 - « +1(,) + y; Q^<S>‘ / t(L),..., t(L)) 

d,a ' ^ / 0,71-1-1,d 

Givental noticed that the combinatorics of the Kawasaki strata works the same as in the non 
permutation-equivariant theory. He used this to describe the Laurent expansion of J's^ near each 
value of q. 

Theorem 6.1. (O, Part III) The values of Jsoo characterized by: 

(1) has poles only at roots of unity. 

(2) The expansion at g = 1 lies on the cone Cfake- 

(3) ^7X(J5^(t)(i)) , where 7^(f) is the space of Definition^ 

Basically, one applies KRR and identifies the Laurent expansions of with generating series 
of certain twisted theories as before. The only difference is that the legs are allowed to carry marked 
points, and condition (3) of the theorem is modified accordingly. 
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We now proceed to define twisted permutation-equivariant K-theoretic GW invariants by tensor- 
ing the Sn modules with multiplicative classes of 


{t(L),...,t(L)) 


Sn,tW 

0,n,d 




0^n,d/ 


/S„; 0 :% ®".i t(Li) 0 exp(y^ 


The J-function of the twisted permutation-equivariant quantum K-theory is 


J£(t(,)) := 1 - , + t(,) + Q"#" ( -3^. t(i). ■■■ML)) 

d,a \ ^ / 0,n+l,d 

The characterization of the range of extends to this setup. 

Theorem 6.2. The values of are characterized by: 

(1) has poles only at roots of unity. 

(2) The expansion at q = 1 cone -C.%ke- 

e Rr^R^^U^Ul^Tk{JsZ{^){i))’"^hereTk^if^^) is given by the procedure 
described in Dehnition \2.2\ but starting with the point f*"' G E^ake- 

Proof Again the main difference with the non permutation-equivariant case is that we do not im¬ 
pose the condition t(g) = 0 on the definition of T(g) because we are allowed to permute marked 
points. Hence the space in condition (3) is obtained from the tangent space to C^ake 

Remarkably, from the two local characterizations above we obtain a global relation, albeit under 
the restrictions of the As sumption 14. 2 1 

Theorem 6.3. Assume the characteristic class in the permutation-equivariant twisted theory is the 
Euler class. Let Csoo £ 5 ^ denote the ranges of the .J-functions Js^ and respectively. 
Then 


Cf 




Proof. Let 


's' c 

g(g) = *(i-<jbf(g), 

where f G Cs^. We will prove that g satisfies the conditions in Theorem 16.21 assuming f satisfies 
the conditions of Theorem 16.11 The first one is obvious. 


For the second condition notice that 



jpEy_ 

(i^f(l). 
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Since we assume by Theorem |6.1| that f(i) G Cfake and we proved that 


ntw _ Ei>o 

^fake ~ ^ 


^^^Cfake, 


it follows that g(i) G C^ake- 

Also notiee that if the tangent spaee at f(i) to Cfake is given as the image of a map 


^(g, Q) :/C+^/C, 


then the same tangent spaee at g(i) to C^ake i^ given by 

S'{q, Q) = Siq, Q) : ]C+^ K. 


Aeeording to our assumption 
It is an easy eomputation to see that 

g(glAr;-l) = = 

if all s; = —l/l. This eoneludes the proof. □ 

Remark 6.4. In the non permutation-equivariant ease it was diffieult to express the applieation 
point of the twisted J funetion in terms of J (t(g)). In the permutation-equivariant ease , Theorem 
16.31 above allows us to aehieve this very nieely. More preeisely the projeetion to /C+ of an element 

Js^{t{q)) 

is 1 — g + t(g) — E'^. 


As a eonsequence of Theorem 16.31 we ean deseribe the eone of a theory twisted by a general 
multiplieative elass. Define a twisted theory by inserting in the eorrelators the general multiplieative 
elass 

exp Slij^En4 
\l<0 

and assume for eonvergence purposes that the elass E G K^{X, A+) ( and xp'- aets on the eoeffieient 
in A_|_). Denote by the range of its J-funetion. Then 

Corollary 6.5. 

cf =e^^ 'T^Cs . 

Ooo 


Proof. We want to express the multiplieative elass as a linear eombination of Euler elasses of ip^E: 


exp 
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This gives the system 




A:>0 


E 

. i<0 




or equivalently 

Isi ^ ^ ^ 4 ) I 1 ) 2 ,... 

k\l,k>0 

It ean be solved by Mobius inversion formula. Using then Theorem l6.3l eoneludes the proof. 


□ 


Let us now reeall the Vg module strueture reeently proved in |[8]|. For a Novikov variable Qi let 
Pi G the dual eohomologieal elass and let Pi = G K^{X). It is known (' [[TOlI l that in 

the non-permutation equivariant ease the operator Piq^^^'^i preserves tangent spaees to the eone C. 
The analogue statement in the permutation-equivariant theory is the following 

Theorem 6.6. (|[8]|, Part IV) Let A G A+. Then the eone Cs^ is invariant under expressions of the 
form 

iP^iXD{Piq^^^Q^,q)) 

where D is a Laurent polynomial in P^q^i^Qi , q with eoeffieients from A independent of Q. 



We eombine Theorem 16.61 with Theorem 16. 3 1 to prove a ’’quantum Lefsehetz” general result. 
Theorem 6.7. Let V C X be a hypersurface given as the zero section of a convex line bundle L. 

Jx^ JdQ-‘ 

deEffiX) 

be a point on the cone of the permutation equivariant theory of X. Then the point 

(ci{L),d) 

iv= E v'?" n (i-iV) 

d€Eff{X) r=l 

lies on the cone of the permutation-equivariant K-theory ofV. 


More preeisely if 4 U —)■ X is the inelusion then 

eir(L)Xy = 4J7y(4t(q')), 

where t{q) ean be explieitly eomputed via projeetion to /C+ and 4 on the RHS aets also on the 
Novikov variables via the natural map 4 : H 2 {V) —?■ H 2 {X). 

Proof The arguments of ifT^ extend in K-theory to show that 


O 


vir 

nAV 




vir 

n,d,X * 


^We discard Soo from the notation as we will only talk about permutation-equivariant theory from now on. 











22 


TONITA 


Hence the K-theoretic GW theory of X twisted by the Euler class of Ln,d gives the K-theoretic GW 
theory of V. 

Let us write L as a monomial Let 


Then the operator 
( 6 . 1 ) 
acts as 


rg(x) = k{l-q>^) 


r=0 


1 — xq^ 


r,-i(/(P.)) 


(ci(L),d) 

Q‘‘^Q‘‘ n ( 1 -iV). 


r=l 


hence we get 


eK{L)Xv = 


1 


Jx- 


According to Theorem 16.61 the operator in the denominator preserves the cone of the untwisted 
theory of X. The other operator on the RHS moves the point on the cone of the theory twisted by 
exThe claim follows. □ 


In particular for X = CP^ we confirm results of IIH, where the following was proved using 
localization 


Corollary 6.8. (H, Part V) Let V C CP^ be a hypersurface given as the zero section of C>(/) for 
some / > 0. Then 


^ nti(^ - 


Tv = 


d>0 


is a point on the cone of the permutation equivariant K-theory of V. 


Proof. The J-function of CP^ at t(g) = 0 is known ([|^) to be 

J„N{f)) = (1 - g) V — -^-. 

Applying Theorem l6.7l to this series gives the result. □ 

Remark 6.9. Theorem l6.7l has a straight forward generalization for complete intersections given as 
zero sections of direct sums of convex line bundles on X. 


Another application of our Theorem 16.31 is to find points on the cone of the total space L of a 
tone fibration E ^ B given a point on the base B of the fibration. The proof is along the lines of 
Il2ll where it was done in cohomological GW theory. 

Lirst let us introduce notation. Let X be a toric non-singular compact Kahler manifold. It can 
be described by symplectic reduction. Let the torus act on endowed with the canonical 
symplectic form in the usual way. The moment map of this action is /i : —)■ ^{zi ,..., z^) = 
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(|zip,I^ATp). For the action of a subtorus TK c the moment map is obtained as the com¬ 
position m o —)■ where m : —)■ is the dual of the embedding of Lie algebras 

Lie(T'^) C Lie(T^). We denote the elements of the matrix m by vfiij. Applying symplectic reduc¬ 
tion over a regular value oj of the moment map we get a toric variety X = C^/ j of dimension 

N- K. 

The fibration (m o —)• X endows X with K tautological line bundles which we denote 

Pi. They represent a basis of Pic{X) and generate 

Let B be Kahler manifold, Lj line bundles on B, i = 1, N. We replace the fiber of ©Lj with 
the toric manifold X, obtaining this way a toric fibration ir : E ^ B. It carries a fiberwise action 
of . The total space E carries K tautological line bundles Pi which restrict to Pi on each fiber. 
They generate K^(E) as an algebra over K^{B). 

Similarly a degree V G H2{E, Z) ’’breaks up” as a degree D = g H2{B, Z) and degrees 

di := —{ci{Pi),V) along the fibers. We will denote the two sets of Novikov variables by Qb,Q 
i.e. Qg represents D in the Mori cone of B and ■ Q'^. Let us define for j = 1, ...A^ 

K K 

UjiP) = U,{V) = + {ci{Lj),D). 

2=1 2 = 1 

We can now state 


Theorem 6.10. Let 


DeEffiB) 


be a point on the Lagrangian cone of the permutation-equivariant K-theory of B. Then 

Ie-.= 


d&K D&Eff{B) 

lies on the cone of the total space E. 


T nPnd tt nr=-oo(^ Uj{'P)q'') 

^ ® fl nli'-Td - Gw) 


Proof We use localization along the fibers. Most of the details are common with [|3 - where it was 
carried in the cohomological theory and [l8]| -where it was done for the case B = pt. 

Let us denote by ..., the ring K^{BT^). We will work torus-quivariantly and 

deduce the statement of the theorem as the limit A* —)■ 1. Let us label the fixed points of the torus 
action on X by multiindexes a = (ji,..., which specify iT-dimensional faces of the first orthant 
whose image under the map m contains u. Toric one dimensional orbits connecting the fixed points 
a and fi exist precisely when a U /? has cardinality K + 1. For a fibration ir : E ^ B with fibers 
isomorphic to X fixed points of the fiberwise action of form sections a : B E, one for each 
fixed point a G X. The normal bundle of the section a is the sum of N — K line bundles 

f/,(P“) := a*U, = ®i{Ptr-L^K-\ j i a 

where P" are determined by 


®fpfr-L) = k,, jGG. 
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Let f be a point on the eone Ce oi permutation-equivariant quantum K-theory of E. We denote by 

P := a*f 

its restrietion to the fixed point section a. Then localization gives 

(twTMP))’ 

where is the torus equivariant K-theoretic Euler class. 

The characterization of points on the cones of toric varieties using localization given in [l8]| ex¬ 
tends to this setting in the following way: 

Proposition 6.11. The point {f“} belongs to the cone iff the following are satisfied 

(1) As a meromorphic function near the roots of unity f“ G where £“ is the cone of a{B) 

twisted by the inverse of the Euler class of the normal bundle The variables 

and the Novikov variables are considered as elements of the coefficient ring. 

(2) The other poles, which are simple for generic values of Aj, come from factors of the form 
(1 — q'^Uj{P°‘)) for j ^ a. They have residues controlled recursively in degrees by 

where A = (3 is determined by j, dap is the degree of the one-dimensional orbit 

~ CP^ connecting a with fd and is the normal bundle to the moduli spaces of maps to 
the orbit of degree kdap with two marked points at the point which is the degree m cover of 
the orbit. 


We need to check that the equivariant version of Ie satisfies the two conditions in Proposition 
16.Ill Eirst notice that 

JdQW 


'-tgl _ 

— 


m xhPx&PPEPiiit. nSf’(1 - tupp-)) 


The second condition is verified by the computation in [[8l| which carries over without any modifi¬ 
cations. To verify the first condition introduce monomials in the Novikov variables such that 
rijGo ^ For j ^ a introduce monomials dual to the cohomology class —ci(f/j (P“)). 
Notice that the operator 


nr,w?)n 

iGo j^a 




•J) 




transforms Jb into Xe- According to the Vq module structure the first factors and the numerators 
maintain Jb on the cone of the untwisted theory of Q!(P), according to Theorem [63] the denomina¬ 
tors move points on the cone of the theory twisted by eJ^{Na)~^. This concludes the proof. □ 


In the end we illustrate some computations how one can use our results to compute K-theoretic 
Gromov-Witten invariants of the complete intersections and toric fibrations of the Theorems 16.71 










TWISTED K-THEORETIC GROMOV-WITTEN INVARIANTS 
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and 16.101 Starting from their X-functions. Let X C CP^ be a hypersurface given as the zero section 
of C>(5). Then we have proved that the hypergeometric series 

Jx = (i-<;)Eg’' nr*n~p!2 

^0 Ur=li^-PQ"y 

lies on the cone C of the permutation-equivariant quantum K-theory of X. Write the coefficient of 
Q as 

:= Q • /(T ,) + 

where f{P, q) is a polynomial in q (hence contributes to t(g)) and the fraction belongs to 

/C_ and hence comes from correlators. An immediate degree argument shows that we must have 


g{.P^ q) 

{l-PqY 






Pairing this expression against other classes using the K-theoretic Poincare pairing on X we get all 
one point degree one invariants: 


/ \A _ f 9{^ 




= — Resp=i 


g{P,q)^a{l-P^) dP 
(1-P)5(l-Pg)5 P ■ 


Taking = 1 above we get the one point invariants 


, 1 2875(1 - 3g) 

X-qL^^P^ (l-g)2 • 

Notice that setting q = 0 one computes the invariant (l)^i i = 2875. This is unsurprising as 
according to the K-theoretic string equation equals the number of lines in X. 


Our results hold independent of the degrees of the equations cutting out the complete intersections 
in projective space. For another example, consider P C P^ given as the intersection of two quadric 
hypersurfaces. Then the same computation as above starting from the X-function 


Iy = 


i)2^Q nti(i - w ’ 


d>0 


gives the one point invariants of Y 


1 32(g^ + g3) 

(l-g)4 
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